
PRACE IPI PAN • ICS PAS REPORTS
. . . L _ . _ . . $

Piotr Berman, Andrzej Ungas

On complexity of
regular languages
interms of
finite automata

304
1977

WARSZAWA

lu n TO T PDDSln IIFORMATYII POLSIlIEJ AIADEMIJ IADI
IIISTITUTE OF COMPUTER SCIEIlCE POLISH ACADEMY OF SCIENCES
00-901 WAR 5 A W, P.O. 8 0 Jt 2 2, POL AND



Piotr Bermao, Andrzej Lingas

ON COMPLEXITY OF REGULAR LAJIGUAGES

III TERIlS OF F!BITE

304

Warsaw 1977



lo.i'tet Redakoyjll;Y

A. Blikle S. ByLka, J. Lipski {sekretarz},
L. l.ukuzewicz, R. IlarczyDski, A. Mazurkiewicz, T. llowicki,
Z. Pawlak, D. Sikorski, Z.o Szoda (zaijtopca przewodn1cz,cego),

Ii. Warmus

Praco Pawlak

Mailing addressesz Pio'tr BermaIl
ul. liowow1ejska 10 Ill. 50
00-643 Warszawa

ADdrzej Lingas
ul. Nowogrodzka 76
02-018 Warszawa

P r i :r: a 8 a man U II e rip t
Na p raw a e h r k 0 P 1 II U

Naklad 450 egz. Ark. wyd. 0,65; ark. druk. 1,25.
Papier offeet. kl. III , 70 g, 70 x 100. Odd8llo do
druku we 1977 r. W. D. N. Zam. Ilr bOO/0/77

Jl - 15



Abstract • Cozepsaaae • Stre zczen1e

In OUl" paper 4 measures complent;r regular languages

are !hese measures are related wlth comp1exit7

auto_ton recognizing 'lihe gi'Yen language (automaton ID&7 be 1 or

2 W&7. or not). We CODstruCt regular

lenguages for .hich these .euure. are subs'tanUall7 dlfferent.

It ls aleo showa that the hipothesls L. BL implies the poli-

nomial relatioD bet••en measures corresponding to 2-w&7 automat.

CDooo6aKKi uepY onOXBOCTH perynRpSHX
B8HKOB DOopelloTBOu onoaeBKS STK SSYKH KOBeqHYX aBTO-
uaTOB Ie OllBHM KnH llByKH aanpaBneSKHMH llBKKeBHH ronOBKH,
UHBHpOBaBBHX RnH BellepMHHHpOBaBBHX/. KOHCTpyHPYDTCS ceUeACTBa
perynspBHX SSYKOB, llnS KOTOpYX aTH uepy paanHQHY.
nOKa8YBaeTCS, qTO KS rHDOTeJY BUTeKaeT BYpaxaeUaH UHoro-
qneBaMH uepauH, aBTouarau c
llByMH HanpaBneBBSUZ llBHaeHHs ronOBKH.
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regularn7ch

w hrmiDach 8koDCZ0D7ch au'tomatcSw

Okrdl81117 (Da 4- spo8ob7) miaro u:oionosc1 regular-

Dego poprzez go antomatu akODesoDego

(jedno - lub cbruIItronnego ) determ1Zl1st7CSZlego lub Die). Konstru-

rodziDy regularZJ7Ch, dla k't6r,reh mi817 te 8,
1stotn1e r6tne . PokazujEllllJ' tei. lie z h1poiez7 L-IL "7Zl1ka w1e-

lom18Z1owa zaletZlos6 pomiOdzy miare.m1 odpowiadaj , e1ll1 automatOJll

dwusirollD7IIl.



Main notions and results

DFA(NDPA) - one-way (non-) deterministic finite automaton

2DFA.(2!ffiFA) - two-way (non-s)' deterministic finite automaton

D1,(L) (1'i1 (L» - minimal number- of states f or DFA(1ffiFA ) which

recognizes language L

D2 (L)('N2 (L ).) - minimal number of states for 2DFA(2NDl<'A) which

recognizes language L

L(NL) - the class of Language s which are recognized by deter:rrini-

stic (or non-deterministic) TM suppl i ed by a

caly bounded wor k tape .

Ther e i s a constant c and f ami lies of l anguages Pn and .J:1 e; i 7en

by such that

Vn EN

Vn EN ( 2 )

Cor ol l ary from t heor em of t he second part shows, t hat L ::-L

implies t hat there is a polynomial Po such t hat

where constant mL means the length of the longest word 0= Language

L. This inequality is shown by construction.

I m;roduc t i on

investigations of computional complex i t y of languages be come

sub j ect in computer science. results are obtain ed

b UT pr inc i pal s t i l l remain open. One most

iL =i el d is of a
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ge changes when we r epl ace t he deterministic f orm of an

by t he one . Unsolved hypotheses P=NP and

are r elat ed to this problem. In studying these pr oblems the need

emerges of a complexity measure of fim te aubaeta of t he languages

under investigation.

'hen a machine works .n t h a finite set of" words it only uses a f i -

nite portion of its memory. Thus i t is possible to identify the

soat e of con"rol of this machine and the configuration of its

memoz-y together with the state of a certain two-way fini te aut oma-

ton (whi ch is deterministi c i f that machine i s also deterministic).

number of s tates f or a f inite recognizing

the nerrt Loned part of a language may be its meaaure of cClllputatio-

:1a1 compLex a t y .

DJ Showed that 2DPA ar.d 2NnFA recognize the same family of

1 as i. e . r-egular L anguags s , Its proof i s e:ffective

(4)

( 5 )

'le s e Lne qua.i ; ties and r esul1:S 0:' "L e fi r s"t part of this work

(6)

fo r every natural n. Hence non-det erministic automata hsve

advan"tage over determini sti c ones. We do not know how essential

thie adven"age i s . Corollary associated with a t heorem frOD the

s ccona part 0: "this wor k sh ows t hat t hi s question is related to

-;,!1E: answer "0 tne hJ'Pothe s i s L=NL. Roughly speaJr..i.ng, if this h ypo-

t besis nol ds t he cODplexi"ty of 2DFA accepting finite language

depends polynornally on t ne comple:r.i ty equiValent 2}.'1)E'A and t he

length 0: the longest word from t his language .
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I. Definition. A' two-way finite automaton is a 5-tuple

M = I M, 8'M' <!oM' ) where

r. i s the finite set of states

2-. 1M i s the fini te input alphabet, V ' '$} n 2: M = ¢
3. is t he transition par -

tial funption of M and POe) denotes the family of all su baeta of X.

4 . e is t he initi al state of M.

5. qFM i s t he final or accepting state of M.

We say t hat M is deterministic if for each and aE:2:M u {t, :t}
b M(q,a) is a singleton. Ot herwise, i t is called n on de t erminist ic.,i£
L (M) is a language accepted by M. A word a1' •• • f r omL r,1 be Long«

t o L (M) iff there are· configurations Co'Cr' •••Ck i n

Ci (ao a 1

wher e ao = ¢, 8:0+1 =.z, a, .•• an as menti oned above , qiE

l.:ie{O,t, -, n+ l} 'and Co= (ao a1, ••• 1 ) (ini t i al

co n df t Lon )

1i +1 - (condition

of proper transition)

q k = ( final condition)

F or other details see Rabin and Sc ott [1].
Now our purpose will be proving t he statemen t s ( 1 ) and (2) ment i o-

ned 'the main results . Fi r st idea of Rabin and 3cott '3

(i) and (5 ) -Hi l l be
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Let a DFA, called A, r ecognize t he language accepted by 2DFA,

called B, with the set of states consisting of n elements .

Automaton A, after reading an initial part of a certain word, oUght

t o be able to reconstruct the action of B when it comes back into

t he subword read. Thus, the state of A may be a f unc t i on

where f (qi )=q2 means that if B comes into .the subword read in s t ate

qr' it will l eave this subword in state q2 or will accept t he whole

if q2 is the accepting state. Hen ce A has so many states as

t :-tere are f uncti ons f: QB-+ Q:g i.e. nne Because B might be the- mini-

ilial 2DFA f or t he gi ve n language, t hi s construction implies t he

inequality:

(4-')

(5' )

wner. automa ton B i s non-determini s t i c , t hen the state

0: A be a f unct i on wher e f(q) consi s t s of these

::: elJ':oe:?:'s of QB' i n whi ch B can l eave the auowoz-d read after coming

Lnr.c it 0 1, t he stat e q , The r e are zn2of s imilar func t i ons , hence
"., - --r.2 __ 2 [r 2(L )] 2QA = c:.

t he que s"ion, whe t her A really ought to hEVe so many
I r. other words, \nll all of these funct i ons be n eeded du-

r i nb wor ds whether or not they are member s of L. We will
'o:lil d f =1l ie 5 of languages, P and B , such that every word ofn .

or-a 0: t hese l anguages will :?:'eveal one of the mentioned function s

expli ci t l y , coding it as a set of pair s (argument, value).

I> e::'ni t t or, j£1= Ev 1 U 1 1 U •• •U

:!) e: i:::i -;: i or, is subset 0: -':r: = #
: : s Ls a member 0: i 1: is in forn: • ••$likifl j ¥ 1i ].:+ 1

••• ",1 i k+: i 1 j k +1 7. s O;: -:: ar- e suas c r-i _ r .J
'" P J.; - r. - - - --- _"C r;;.....;. ...... ••• 'f7\..,.,
/.l A -'. '7" , ••• , t , .:l .............. , r
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(i)

(i t means that "'s signs a pair from the left side of it and j.3s signs

a pair from the right side)

:LoC.
1
= 0 &. 'Vse{ r, ... ,r} j.<a .= &.

& 'V"se{ 1 , ••• .r - 1}

Lemma 1". There is a constant c. suc h t hat

(ti )

Pr oof . Automaton which accepts En consists of a con trolline; part

c common f or every n, and a counter which cour.ts

up to n. First, the automaton checks whether the given word i s

in or not. Sec ond, the automaton c ake s nondeterministicall y

a pair as the left side of the mar ker and checks t ha t = O.

Then the automaton lOads i nto the counter and goes the

right side of the marker. It takes a pair nondeterministical l y

and checks if if,J1 =- jQ(.r • Next , it loads into t he ccunt er

and seeks a pair i""2 nondeterministically. At t he las t step

of computation checks if jr.e= O·an d accepts the wor d .
2

Lemma 2 . The number of quotients 0-: En is non less t hen 2r. •

(It means that the DFA recognizing Bn ought to have at l ea s t 2n2

states) •

Proof. Let X be a subset of {i, . . •,n} x {l, ••• ,n}, anJ l et
X =(ri j, j1) ••• · (i k , j k )} ' Then the vror d Sx will 06 i n iorm

s = s £ ¢ € 1> 1i 1 ¢ 1j 1 1> 'J, i 1k i 1,j k #. I t CW 06 che ckedz
t ha " -s» -r . - , ( 1 ' (1 1 ,., . ....v C .....1 and X2 • t ::l6 su nsets 01 \. ••••• n; xt •..• •:'.; . Jre _:.: _c-
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that the pair (io,jo) belongs

Th en , it is easy to see that the word

to x1 but not t o x2"
t. .J.o,J o

be l ongs to t he first quotient, but not to the second. We remind
. 2

0 0 r e ade r t ha t e, the empty word , codes O. There are dif-

ferent subsets of x {1, 044,n} hence there are zn2
r-ent quo t i errt.s •

. ? above oWO complete the proof of the statetemt (1 ).

Def ini t i on . Pn i s a subset of t he Bn • I f s i s a member

0-:' p •. it i n addi t i on t c the conditions (i) and ( ii ) f ulfils

0: : ;1e f'o Ll.owi.ns; Lerama r eveals why t his condit ion was intro-

is a constant c s uch t hat

which accepts Pn, is a 2DPA consisting of a

c· z: .or o11 i l,g part hav i ng c states, common for ev er y n , and a COUll. ter,

::: .i e ' count c up t o n , Fi r s t , t he automaton checks if the giv en word

:'.. s i " A" or no t . Second, the head of the automato n stands on th e

# 1J.."!.o chec ks seep by step, i f the left elements of the sub-

seqaer.t s CaPncd pairs f r om t h e left of # are equal t o jO. I f it has

i: ounc s ue r: a pai r , then i t l oa ds the r igh t e Lemerrt of thi s pair ' t o

-:- count er' and cones ba ck on t o tne marker . l\'ext , the automaton

c hecks 8-: e1' bJ' i f' t ne left e.l emerrt s of t he subsequent pairs

are equal a number contained
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The r eader may find how it can be done de terministically. If the

automaton has detected such a pair, t hen it l oads the right ele-

ment into the counter and comes back onto the marker. At t he last

step of computation the automaton l oad s 10 into the counter on the

right side of the marker, and accepts t he word.

Lemma 4. The number of quot ients of Pn is non less then nn
nCit f ollows D2 (Pn ) n ).

Proof . Let f bee a function f:{r, ••• ,n}-f>{1, •• Then t h e ".'lor d

Sf will be in the form Sf =- 'I> E'.3 11,! r f(1 )$ •• •$ 1n ¢ 1H n )#

It can checked t hat if functions f 1 and f 2 are dif ferent, c hen

quotients s f
1
\\ Pn . and Sf

2
' \ Pn are differ ent t oo.

Assume that frCi) -I- f 2 CU . Then it i s easy t o se e t hat t::.e ,,';or d

u i , r,CU =- ri ,3 rfC i )i e$
belongs t o the first quo t ient bu t no t to t he second . a re ".. .-

different f unc t i ons from {1 , ••• ,n} t o { 1, • • • ,n} hence t;1ere 8.:.:'",

nn different quotients.

The lest t wo lemmas compl et e the proof of (2).

ti ow vie .....i ll use the obtained r es ul t s to compare the ::1e2.3';.rG8 .., rJ.l1C

D2 in respect t o t he En .

2Lemma 5. D2(Bn ) O.5n I ln n

D1C'Bn) D2 (Bn )

if D1 (Bn )

-;1'-2 2D2 (Bn ) .In

Proof. Thi s is a conc l usi on of lemma 2 and (5):
D2CBn)

I t is

Hence
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Because x s Ln x is a monotonic function, we have O.5n2/ ln

Lemma 5 and l emma 1 imply that for some constant c':

D2(Bn ) > c' [ N2(Bn ) J2 / In N2( Bn ) , (6')

a.'10 this i mplies

( 6 )

f or almos t every nacural n.
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II.

b7 maohine (''rIl tor short) we

mean a device with a control, a two-way read-

oD.l7 input tape with the endmarkers ( fJ , and a si-

ngle twO-W87 read-write work tape. Add! 1;1on8117, the ma..

chine a&1 be equipped-with a one-way write-oD.l7 output tape.

It the !ur1ng machine is determ1n1stic (nondeterministic)

w. write Dft C' JID'.rI( resp.cUve17) tor short. pgr the deta-

il8 ••e [1]
Per any BD!II or D':rII,., L (]I) denotes the language ac-

cepted b7 JlUke ter 2llDPA or 2DJ'A.

Let -f IB :rr • A 1'uring machine 18 f ( . ) tape-bounded itt,

whenever it is started with any input word x on its input

tape, it will never ScaD more thaD t(IXI} symbols on its

work tape. Ix I denotes the leDght of x • If f( • } log ( • )

we also S&:1 • that » is 10garjtmical17 tape-bounded. -

the l!7pothesis L. BL seems not to hold, when one

compare languages about which we mow that the7 belong res-

pec1;1velJ' to L and n. '!hUB the first result we will
I I

proTe in thi8 part at our paper can otter another possibility
to reject it.

It L. BL then exists a polynomial Po such

that tor each II E:rr aDd tor each 2lIDPA,'&'. one can con-

struct 1) 2DJ'A, BA, which satisties the following condi-

tions I

1/ { x Ilxl,..<m.QA, &xE:L r.o} C L(BA) C. L(A)
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2/ QB " Po ( m • QA )
A

Let cod r { c I c is a 211DPA over the 1nPut
alphabet L} (L. u be the g1 ven one-to-one

encode-tunc Par any 2lIDPA. 0, the word cod (0 )
cons1s t s at three parts encoding respectively r

qoc' be' qiC • states ot C are represented in
cod (C) by the numbers from {n E ]( I 1 <: n <Qc} in the
dyadic notion. L 1 is the auxiUary alphabet • {O.1}C.L:"
{i . $. #}n (L V L. 1 ) = • !l.'he details at this encoding
are lett to the reader.
We may aBsume without loss ot generality, that

Icod (0 ) 1,( k · o} (7 )

where k is an integer constant independent at C •
Let us detine a language L1 r

L, • {x #yl XEL3E & Y E (LvL1 ) 3E &. 32liDPA C

[ Y • cod (0) & . x E: L (0 )J}
I t 1s. easy to construct a logaritmically tape-bounded BDTK,
K, L, • When K verities that a input word
i s ot the tom . x # cod ( C) • where x € L:.- and 0 is
·2HDPA , then K will simulate the action ot 0 wi th the
i nput word x • using the ood (C) • Por this purpose II
wi l l keep the last state and the last head position .ot simu-
l ated 0 on its work tape. 81noe Qc ( I cod ( 0 )I so . II

will only need r log icod (0 )1+ log Ixl + 2l
" i 2 log I x # cod (C ) i + 2l bits ot 1ts work tape to do
it. H acoepts x # cod (C) it and only it the simulated
lOPA , C , reaches the tinal state tor x

Bence, matching a suitably numberous wor k- tape a l phabet
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tor )( we Will obtain t hat L, ( L , • L ()(» belongs to XL.

One may also observe that L is IL-comple t e, see [3] •
Let us suppose that L. I'L • 'fhen we IIl8Y assume

that L, 18 recognized by • l ogari tmically tape-bounded

D'1'Il , ! •

P, denotes t he polynomial, P, (n) • k.n 2 + n + ,

tor nEil.

Let A be 2lIDPA , € H •

It w. botlDd length the work tape ot '1' by rlog(p, (m·QA) )1.
we will obtain certain device which one IIl8Y identify with

the 2DPA'!A' as it was mentioned in the introduction.

HotiGe , that by ( 7 ) the inequali hold &

Ix "ood (A) I m ' QA + Icod (J..) I + ,
- 2 =m ·QA +k oQA +1 ,p,(m·QA) ,where

X r: ,.
'"- L •

Since i s logaritmically tape bounded BO

{x " cod ( A ) I lxl<m'QA' x Icod (A)E L,} L(Tl <;.
L (!) . L, (8 )

A in the introduction, under the state fA we mean

a pair consisting a configuration of the bounded work

tape ot , and stat. f. Thus exist s an integer

oODstant 1 assigned by ! that I

QA c 11og (Pi em QA) " what implies
= c Po ( m QA (9 )

where Po °is the polynomial independent ot m and

A •
Each

cUon t y

'" '"r ( (L U L1 )

trom QTA t o

appoints the partial tun-

as follows s
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tor any q, r E. Qf A

a1/ it b f {-1}
A A

then t y (q) • q

82./ suppose that I it A starts to scan /I- y: $ 1Jl

the state q with Us head over #' . then "without leaving
-# s i )/

i/ fA will reach the state r, which is the tinal

state ot fA
or

11/ fA will reach the state r and its head w11l

seen # simu.ltaneously, where b Cr, -# ) E:
.l

In t he above cases C q ) • r

Now, we will modity fA to 2DPA. BA, as below I

('q, $ )

( CfcodCA) (q), 0)
,

al' 6T (fcodCA)Cq),#)A ·
indef'ined

it fcodCA) (q) = <!PB
A

it fcodCA /q) E QBJ.-

it fcod(A ) is i.."'ldefined

tor q

It 18 quite obvious that
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By (8) and by the definitions of LrA,BA we obtain

that I

{ x Ix I c Il ' QA ' x E: L CA) } LCBA) LCA)

the statement C9) and the equality QB • implyA A

!20rollm 1. U L. I'lL then o:i8t8 a polynolll1al Po '
where for each finite l anguage L

( :3 )

mL denotes the length of the longest wor d f rom L.

1)
The construotion used in the proof of the theorem

6 can be done by a logari tmical l1 tape - bounded DTM for
an input word encoding any constant and any 2BDPA. This
D!K prints on its output t ape t he encoding of the wanted

2DPA. I t we add the above observation to the thesis of the
theorem 6 we can proof t he r eversal theorem, too.

Without making t he assumption that L NL we can presen t

some worse estimations as that of the theorem 6 and cor ol-

lBr7 7. In this purpose we will use the result of Savitch

[41 ,who showed that any language accept.ed by t (ri) tape-
NDTM can be recognized by Q(f2 (r. » t ape- oounded

DT'..l , where. f ( n ) ) log r:
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lIgmm8 8 • There is a oonstant d such that , tor each
mE B and tor each 2NDPA A one can construct 2)
2DPA ,DA, whioh satiat'1es the tollowing oonditions I

1/ { xl lxl IIl·QA &. X€L(.1)}£' L(D!? S L(.1)

2/ Q'D' (Ill "Q.1) d log (m 'QA)
A

The proot is like one ot the theorem 6 • It
suffices to replace the machine T ('troll the theorem 6 )
recognizing L1 on the log n

a DTM, T, , which does it on a

work tape. Such machine T1 exists by the mentioned result

of Savitch.

There is a constant d that tor each finite
language L
D
2

(L ) .; PB
2
(L) d log F'N2 (L )

where PR2 (L) • max { N2 (L ) mL }

The construction from the lemma 8 can be made
by log2(n) tape-bounded DTM for an input word encoding
any constant and any 2NDP'A.
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